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ENERALIZED LINEAR MULTISTEP METHODS II
UMERICAL APPLICATIONS

.G. VERWER

BSTRACT

With this report the author proposes a third
erical integration of stiff systems of ordinary
his formula belongs to a special class of genera
ormulas, i.e. linear multistep formulas of which
re replaced by operator coefficients. An ALGOL-6
ethod is presented. This procedure supplies the
nd performs stepsize control. Numerical results

n stiff equations are reported.
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INTRODUCTION

In VAN DER HOUWEN & VERWER [6] we have investigated the generalized
ear multistep method which may be used to solve numerically initial

ue problems for systems of ordinary differential equations of the type

Z -,
s integration_method originates from the classical linear multistep
hod by replacing the coefficients of the integration formula by rational
ctions of the Jacobian matrix J(y). In the report mentioned above spe-
1 attention has been paid to a class of formulas of which the principal
t (the stability function) can be adapted to the problem under consider-
on, while the parasitic roots are zero. Formulas of this class require
accurate evaluation of the Jacobian matrix to obtain an adaptive princi-
root and zero-parasitic roots. However, one may derive consistency con-
ions for this class of formulas, which do not require an accurate Jaco-
n. In this situation the stability function is no longer adaptive and
parasitic roots do no longer equal zero. This leads us to the class of
mulas with quasi-zero parasitic roots and quasi-adaptive stability func-—
n. From a practical point of view formulas allowing a crude Jacobian
be preferred to formulas requiring a correct Jacobian. In this report
discuss formulas with guasi—zero parasitic roots. We have concentrated
the construction of a three-step third order formula which may be used
efficient integration of stiff equations. Other special classes of gen-—
lized linear multistep methods have been proposed by N@PRSETT [12], VAN
. HOUWEN [5] and LAMBERT & SIGURDSSON [8]. In section 7 we present an
'OL-60 implementation of our third order scheme. This procedure supplies
: additional starting values and performs stepsize control. Computational
ults of this procedure when applied on stiff differential equations are

.sented in the last section of this report.




LGORITHMS WITH QUASI-ZERO PARASITIC ROOTS

The generalized linear k-step method with zero-parasitic roots and

tive principal root is defined by the formula (cf VAN DER HOUWEN &

ER [6])
k

) yn+1 = Ryn * hn Z

L Bt O )TV )

1
e R and Bz are rational functions of thn’ Jn = J(yn). The principal

is identified with the prescribed stability function R. For formula
) we have derived two types of consistency conditions. The first type
ires an exact evaluation of the Jacobian matrix Jn’ while the second
allows an inaccurate evaluation of Jn. From a practical point of view,
ulas allowing inaccurate Jacobian matrices may be preferred to formulas
h strongly depend on a correct evaluation of Jn. Therefore we shall con-

rate on the second type. In this case formula (2.1) is transformed into

k

yn+] = Ryn * hn gz

~—

]

*
Bl On1-) ™ Yun b

1
2> R and B, are rational functions of th* and where J* is some approxi-
»n to the Jacobian matrix J(yn). However, scheme (2.2) no longer has

-parasitic roots and an adaptive stability function. For, when applied

1e test equation

v
)

y' =Jy,

.ng the Jacobian matrix of the differential equation under considera-

, scheme (2.2) is reduced to

' y

k
*
n+l Ryn + hn Z BR(J-J )y

0=1 n+l-2°

k-step scheme is reduced to the one~step scheme

Yo+1 = RY»




vided that
5) J =1J.

s means that the stability function of scheme (2

n
* *

7) R (th,th ),

h the property
* -

8) R (th,th) = R(th).

the sequel we shall call formulas of class (2.2)
o parasitic roots and quasi-adaptive stability f
ts concerning the stability behaviour of these s
a subsequent paper. In this report we shall stat

perform a stable integration it is necessary to

9) Bz(hJ*), 2=1,...,k,

small as possible. Therefore, we shall state the

litions for the functions Bzz

10) Bz(z) -+ 0 as Re(z) - -=,

At the end of this section we shall state a de

rators B2 with respect to the adaptivity. When i

2) a differential equation which almost behaves
11) y' = Jy + K,

should exploit the adaptivity of our scheme for

ction of the

th quasi-

oretical as-
be discussed
sult as well

ctral radius

tabilizing

erty of the

1th scheme

r equation

ions. The




1l analytical solution of (2.11) is given by

h J h J

2) y( )=e" y(xn) + J_l(e " DK,

X
n+l1

the numerical solution by

3) y

k
n+l R(th)yn * hn Z] Bz(th)K’

L

ided J* = J.
Therefore, we shall demand the following adaptivity condition for the

‘ators BQ:
k R(th)-I
4) ) Bz(th) =57
=1 n

elation (2.14) is satisfied, the nonhomogeneous part of solution (2.12)

be satisfactorily approximated provided that J¥ = J and that R(th)
h J

oximates e * satisfactorily. ,
By putting J* equal to zero formula (2.2) is reduced to
5) y

k
; = RO)y_ +h Z; By (0)E(y_,; o)

n+ 9

n+i1-2

» a formula of the classical Adams-Bashforth type. This means that the
ralized linear multisfep method with quasi-zero parasitic roots may be
idered as a stabilized modification of the Adams-Bashforth method. A
fication of the Adams-Bashforth methods suggested by NPRSETT [12] turns
to be closely related to the generalized linear multistep methods with
i-zero parasitic roots, provided that the exponential terms present in
N@RSETT methods are replaced by R. Formula (2.2) also bears a close re-
lance to a class of formulas proposed by LAMBERT & SIGURDSSON [8].

INSISTENCY CONDITIONS AND LOCAL TRUNCATION ERROR

We represent scheme (2.2) by the operator equation




k

*
Z B lE(Y41-9)7T Yna1-g?

| Lly :h ,J°] = -Ry -h
) Y0 = Yn+i Yn n L,

L
define the numbers

2) q, = =7, £=0,1,...,k"1.

thermore, we introduce the functions (cf VAN DER HOUWEN & VERWER [61).

k
Co(2) = R(2) - 221 2B, (2) ,
3)
1§ j-1
¢ =37 1 (=zq,_)a;_ B, (2), = 1,2,...,

1
the abbreviations

. i
NCORN ci() .

4) 5
J dz z=0

substituting a solution y of the differential equation into (3.1) and by
anding the right member of (3.1) in powers of hn’ we may formally derive

consistency conditions for p—th order accuracy, i.e.

0 1 .
ng ) =j_!’ J=0)l""’P3
5)
j—1 . . .
cgJ ) =0, j=l,...,p3 i=0,...,3-1,
1 +1-] .
6) C,(z) =57 + 0G" D), 2 >0, j=0,...,p,

*
re z = th . Recall that the crudeness of J* does not influence the order
accuracy. We have proved that the maximal attainable order of scheme

2) is p = k, provided that R is consistent of order k, i.e.




di
) —I R(2z) =1, 1=0,...,k.
dz z=0

he sequel we shall assume that the order of accuracy p = k. The consis-

y conditions (3.6) may now be written in the form

-1 .
qg 1By (2) = D.(2), j=1,....k,

~
o~ R

=1

e the functions Dj are defined by

R(z)-1 + ¢ (z)
D, (2) = e
jD.(z)-1 € (z)
) Dj"'](Z) = p ktl) s> J=1,...,k-1,

e;(2) = 0(zd), z > 0, j=2,...,k+l.

functions Ej are related with the order terms in (3.6). Note that the
)-st equation of (3.6) does not occur in the form (3.8). This equation
always be satisfied when the above conditions are fulfilled. Next we
the local truncation error. Recalling that p = k and substituting a
tion y of the differential equation into (3.1) delivers the local trun-

on error at the point x = X s i.e.

k+j
. *o 1 (0) d
0) L[y(xn),hn,J 1= jzl [(?E;ETT' k+J) Y(X)I
*n
(k-i+3)
) k+j-1 c. J k- i+j d y(x) ] hk+j
120 k_l+J dx X=Xn ?

Note that by putting I equal to zero, (3.10) is reduced to the local
cation error of the classical Adams-Bashforth formula. For future re-

nce we write out the principal local truncation error for k = 3, i.e.




A RO) 3
1 d 4 3
N [N Y R = LT oS
' dX X=X ° ° X=X
n n
(2)
c 2 3
2 x2 d 1) x d 4
7 2 Y(x)‘ B °§ 3 3 Y(")l ] By
b4 x=xn dx x=xn

As we have noted before, the maximal attainable order of scheme (2.2)

p = k. In general an accurate choice of J*, i.e.
12) J =73,

1 not increase the order. An exception to this rule is made by the one-

p scheme

*
13) Vo1 = Ry * hnB][f(yn)-J yn],

vided that the operator R is of order greater than one and

R(z) -1 )

14) Bl(z) = D](z) = >

this case the one-step scheme takes the form

15) =y + J*TI(R(th*)—I)f(yn).

y'n+ 1

non-linear equations the order of (3.15) is p = 2, provided that

reas for linear equations the order p equals the order of the operator
These properties may be useful to supply one or more starting values for

-step formula.




JPERATORS WHICH MINIMIZE THE LOCAL TRUNCATION ERROR

The functions ej occurring in the 90nsistency conditions (3.9) may be
en freely provided that e, (z) = 0(zJ), z > 0. In VAN DER HOUWEN & VERWEI
we have used this freedom to construct a set of integration formulas of
'h the order may be varied without much computational effort. Numerical
11ts of these formulas turned out to be unsatisfactory. This was caused
‘he rather big truncation error (compare (3.11)) and by the fact that
stabilizing and adaptivity condition, mentioned in section 2, were not
‘illed. Therefore, it seems advisable to minimize (in some sense) the

.1 truncation error and to match the operators B,. In this section we

L
1 minimize the local truncation error. To this end we put

) ej(z) =0, j=2,...,k+1.

s easy to see that by (4.1) conditions (3.6) are reduced to (note p=k)

1.
= 5 3=0,...,k-1,

Cj(z) it

Ck(z) — + 0(z).

equently we have

c§1) =0, j=0,...,k=1; i=1,2,...,
)
et =0, i=2,3,... .

local truncation error (3.10) is now reduced to

k+j
. *o 1 _ (0, d -
) Lly(x)sh ;T ] jzl [((k+j)- Ck+j)dxk+j y(X),x=x
j . . Lk+j-i :
(i) *1 d ] k+]
- _Z J i y(xn)' | hn ’
= X=X

C o —
i=1 k+j-1 ka+J-1

n




the principal local truncation error for k = 3 is red

4 3
(G- o™ Lym| - eV e
dx X=X dx X=X

5)

functions Dj are given by

Dl(z) = Z 5
5)
. jD.(z)-1
Dj+1(z) = __J-;———-, 3=1,...,k=1.

At the end of this section we observe that by the ch
ej(z) = 0, j=2,...,k+1,

stabilizing condition (2.10) is automatically satisfi that
R(z) - 0 as Re(z) » -,

choice ek+](z) = 0 is sufficient for the adaptivity c 14).
eover, by this choice we are able to use the second or

hanism mentioned in section 3.

AN EFFICIENT FORMULA FOR THE INTEGRATION OF STIFF EQUA

In this section we shall construct a three-step thir me
h quasi-zero parasitic roots and minimized local trunc which
1 be used for the integration of stiff differential eq re-
re the scheme to be A-stable when J = J(yn). Therefor have
choose an A-stable stability function. We select the s ction
the F(3) formula of LINIGER & WILLOUGHBY [111], i.e.

1 1 2
1 +'§(1_CX)Z +-1—2(]—30L)z

1) R(z) =

1 1 2
1 ——2-(]+0,)Z +T§(1+3a)z




free parameter o may be used to fit R exponentially at a real number

:{ 0. Then, for a we have

z

e 0(22—6z +12) —(zz+6z +12)

) o = 1 0 70 070 . <0
; 3zo z, ’ °
e (2—zo)-(2+zo)

se values for a are lying in the interval 0 < o < %n If a # 0 the order
ronsistency of R equals three, otherwise four. We note that exponential
:ing of R is analogous to exponential fitting in the sense of Liniger
Willoughby only if I = Jn. To find the operators Bl we have to solve
linear system (3.8) for k = 3, where the Dj are defined by relationms
)). By denoting the denominator of R with Q we find the following ex-

isions for the functions Dj:

d1j+d2j
: = T ar.)  ° 1,2,3,
3) DJ(Z) 902) A 3
re
dlj =1/j, d21 = -0/2,
d22 = d23 = =(1+3a)/12.

e we may observe that the rational functions occurring in our scheme,
have the same denominator. From a practical point of view such func-
ns may be preferred to functions which do not share this feature. Solv-

the linear system (3.8) leads to the following expressions for the

ctions Bz.

3
4) B,= ) b Dj, 2=1,2,3,




lere

1) 1
b =],b = ——-’b = —
11 12 o 13 9,9,
b, =0, b, = S
21 = 7 P22 > P23 T T g
42 479
b =0, b = — b = 1
31 > 732 > 733 © 2 ’
2 92799,
y use of the expressions , (5.3) and (5.4) the three-step thi
cheme of the class (2.2) minimized local truncation error, m
ritten in the form
N k k
Qlh Ty = L L Bby 4 f(y g )t
=1 j=1 J
k
5.5) + 3"} ¥ h b, d,.f(y )-b, d..y ) +
: 4= n Qj 2j" YV n+l-2 2j 137 n+1-2 2
2 _%2 1-30
+hyJ [ 1( szdzjyn+1-z) * 12 yn]’
here k = 3.
We emphasize once mo t for linear equations
y' =Jy + K,
cheme (5.5) is reduced t all relevant k)
Ype1 = RV, +J )K,

rovided that J° = J. The lity function R refers to (5.1).




In section 7 we shall present the procedure GMS (generalized multi-
P), an ALGOL-60 implementation of scheme (5.5). This procedure supplies
additional starting values and performs stepsize control. The starting
stepsize mechanism will be discussed in the next section. Numerical re-

ts of the procedure GMS are presented in section 8.

A STARTING AND STEPSIZE MECHANISM

Scheme (5.5) presents the advantage of finding the necessary addi-
nal starting values in a rather simple way. It is easy to see that only

coefficients by, are dependent of the stepnumber k. Let us put k = I
suppose that atJthe start of the integration process J* = J(yo). By
se assumptions formulé (5.5) is reduced to the second order one-step
eme (3.15) which provides the value Yye Next we put k equal to two. The
evant coefficients bz are

' 1 1
D b11="b12="?ﬁ’b21=°’b22=?{1"
s two-step scheme, which is again of second order, provides the value

Consequently, formula (5.5) provides a starting algorithm which is easy
implement and which computes the additional starting values y, and Yy
second order accuracy.

Next we discuss the 'step control policy used in GMS. As in most papers,
approach of this problem is somewhat heuristic. When integrating with
:me (5.5) a system of differential equations the crudeness of I may
se instability. Consequently, when performing stepsize control we should
lorm stability control as well as accuracy control. The accuracy control
call for a decrease, or permit an increase, in the stepsize hn as the
utation proceeds, whereas the stability control may call for a reevalu-
m of the Jacobian matrix. Up to now we did not tackle the problem of
:rpreting the crudeness of J* with respect to stability properties of
:me (2.2). Therefore, the stepsize mechanism, as implemented in GMS,

3 not separate the stability and accuracy control. We have implemented

‘epsize mechanism based on the discrepance of linearity (VAN DER HOUWEN
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1). To a certain extent this type of step control may be considered as a
xture of stability control and accuracy control. In each integration we
t k = 2 and compute, by means of the coefficients (6.1), the second order

ference solution y__ .. For linear equations we have

n+l

Yn+1 ~ n+r12

3 * ° ° 3
ovided that J = J. So, for linear or almost linear equations our step
ntrol does not perform accuracy control. For non-linear equations the

screpance

yn+ 1 ~yn+ 1

y be considered as a measure of the accuracy of the numerical solution,
t also as a measure of the non-linearity of the differential equation.
om this point of view we may speak of some kind of stability control.

e extra computational work per integration step to compute Yo+l consists

1 adding some vectors,
carrying out two matrix-vector multiplicationms,

3 one forward-backward substitution.

.cause of the second order accuracy of ;n+] we have
~ 3

pposing ¢~ c -1 leads to

4
3 3 3 = tol
3 1
2y on o=\ /Bl /By Loy 1),
n cn Cn—l n+1 I -~ I n-1 tol+lly -5 Il 3
Y0 Yn n In

ere tol is a predicted local tolerance. For tol we have chosen

absolute tolerance + relative tolerance * llynll.




Il Il is meant the Euclidean norm. Thus, in each integration step we
ite a new steplength hn by means of (6.2). We decide to use this new
.ength only if the decrease or increase in the steplength is more than
rercent. Furthermore, to exclude sudden instabilities we decide to re-

late the Jacobian matrix if:

o . °
1 the decrease in the steplength is more than ten percent, and a re-
evaluation did not take place in the last integration step;

o . o .
2 ten times the decrease in the steplength is less than ten percent.

we decide to reevaluate because of point 2, the steplength will be
ted too. As a result of changing the steplength or reevaluating the

ian matrix we have to update some arrays and perform a LU-decomposi-

At the end of this section we observe that it is possible to use GMS

ut stepsize control. Details are given in section 7.

E PROCEDURE GMS

n this section we present a first version of the documentation and
e text of the procedure GMS which will be inserted in NUMAL, a library
merical procedures in ALGOL-60 (see HEMKER [41]).

OR: Jo,G, VERWER,
ITUTEs MATHEMATICAL CENTRE,
IVED: 740809,

F DESCRIPTION®

GMS SOLVES AN INITIAL VALUE PROBLEM, GIVEN AS AN AUTONOMOUS
SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS DY/DX = F(Y), B
MEANS OF A THIRD ORDER GENERALIZED LINEAR MULTISTEP METHOD;
IN PARTICULAR THIS PROCEDURE I8 SUITABLE FoR THE INTEGRATIgQN
JF STIFF EQUATIONS,
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WORDS

DIFFERENTIAL EQUATIONS,

INITIAL VALUE PROBLEM,

AUTONOMOUS SYSTEM,

STIFF EQUATIONS,

GENERALIZED LINEAR MULTISTEP METHOD,

LING SEQUENCEs}

THE HEADING OF THE PROCEDURE READS)

"PROCEDURE" GMS(X, XE, R, Y, H, HMIN, HMAX, DELTA, DERIVATIVE,
’ JACOBIAN, AETA, RETA' Np JEV, LU’ NSJEVO

LINEAR, QUT)

"VALUE" Ry

"REAL" X, XE, W, HMIN, HMAX, DELTA, AETA, RETAj

"INTEGER"™ R, N, JEV, NSJEV, LU}

"BOOLEAN" LINEAR};

NARQAYH Y,

"PROCEDURE" DERIVATIVE, JACOBIAN, OUTy

GMS INTEGRATES THE SYSTEM OF DIFFERENTIAL EQUATIONS DY/DX = F(Y)
FROM X = X0 TO X 8 XEj

THE MEANING OF THE FORMAL PARAMETERS 1S3
X3 <YARIABLE»;
THE INDEPENDENT VARIABLE Xj
ENTRY: THE INITIAL VALUE OF Xj
EXIT s THE END VALUE OF Xj

XE <ARITHMETIC EXPRESSION>;

ENTRY: THE END VALUE OF X;
Rt <ARITHMETIC EXPRESSION»)

ENTRYs THE NUMBER OF DIFFERENTIAL EQUATIONS)
Yi <ARRAY IDENTIFIER>)

"ARRAY" Y[{1R]}
THE DEPENDENT VARIABLE}
ENTRY: THE INITIAL VALUE OF Y3
EXIT s THE SOLUTION Y AT THE POINT X AFTER EACH
INTEGRATION STEP;
He €ARITHMETIC EXPRESSION>g
ENTRY: THE STEPLENGTH WHEN THE INTEGRATION HAS TO BE
PERFORMED WITHOUT THE STEPSIZE MECHANISM, OTHER=
WISE THE INITIAL STEPLENGTH (SEE THE PARAMETERS
HNIN AND HMAX)p .
HMIN, HMAX3 <ARITHMETIC EXPRESSION>j
ENTRYg MINIMAL AND MAXIMAL STEPLENGTH BY WHICH THE INTE=
GRATION I8 ALLOWED TO BE PERFORMED;
BY PUTTING HMIN = HMAX THE STEPSIZE MECHANISM IS
ELIMINATEDy; IN THIS CASE THE GIVEN VALUES FOR HMIN AND
HMAX ARE IRRELEVANT, WHILE THE INTEGRATION IS PERFORMED
WITH THE STEPLENGTH GIVEN BY HWj
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DELTAt <ARITHMETIC EXPRESSION>j
ENTRY: THE REAL PART OF THE POINT AT WHICH SOME OPERATOR
MAY BE FITTED EXPONENTIALLY
(SEE METHOD AND PERFORMANCE)
ALTERNATIVES?S
DELTA = (AN ESTIMATE OF) THE REAL PART OF THE LARGEST
EIGENVALUE IN MODULUS OF THE JACOBIAN MATRIX OF THE
SYSTEM}
DELTA <= =10%%i{5, IN ORDER TOQ OBTAIN ASYMPTOTIC STABILITY
FOR THE OPERATOR MENTIONED ABOVE:
DELTA = 0, IN ORDER TO OBTAIN A HIGHER ORDER OF ACCURACY
IN CASE OF LINEAR EQUATIONS;
DERIVATIVE: <PROCEDURE IDENTIFIER»;
"PROCEDURE" DERIVATIVE(Y)sy "ARRAY"™ Yy
<REPLACEMENT OF THE I«TH COMPONENT OF THE SOLUTION Y BY
THE I=TH COMPONENTY OF THE DERIVATIVE F(Y)s I = 1s.e0s R}
JACOBIAN; <PROCEDURE IDENTIFIER»)
"PROCEDURE"™ JACOBIAN(CJ, Y)3 "ARRAY" J, Yy
WHEN IN GMS JACOBIAN I8 CALLED THE ARRAY Y CONTAINS
THE VALUES OF THE DEPENDENT VARIABLE}
UPON COMPLETION OF A cALL OF JACOBIAN THE ARRAY J SHOULD
: CONTAIN THE VALUES OF THE JACOBIAN MATRIX OF F(Y)»
AETA, RETA3 <ARITHMETIC EXPRESSION»)
ENTRYs MEASURE OF THE ABSOLUTE AND RELATIVE LOCAL
ACCURACY REQUIRED}
THESE VALUES ARE IRRELEVANT WHEN THE INTEGRATION Is PER=
FORMED WITHOUT THE STEPSIZE MECHANISM;
N3 ¢<VYARIABLE>
EXIT 3 THE NUMBER OF INTEGRATION STEPS;
JEV3 <VARIABLE>»
EXITy THE NUMBER OF JACOBIAN EVALUATIONS;
LUs <VARIABLE®;
EXITs THE NUMBER OF LU=DECOMPOSITIONS;
NSJEVE <VARIABLE>}
ENTRys NUMBER OF INTEGRATION STEPS PER
JACOBIAN EVALUATIONg
THE VALUE OF NSJEV IS RELEVANT ONLY WHEN THE INTEGRATION
IS PERFORMED WITHOUT THE STEPSIZE MECHANISM AND THE
SYSTEM TO BE SOLVED IS NON=LINEAR}
LINEARy <BOOLEAN EXPRESSION>;
ENTRY: TRUE WHEN THE SYSTEM TO BE INTEGRATED IS LINEAR,
OTHERWISE FALSE}
IF LINEAR I8 TRUE THE STEPSIZE MECHANISM IS AUTOMATICALLY
ELIMINATED;
ouTs <PROCEDURE IDENTIFIER»}j
"PROCEDURE"™ 0UTs
<AFTER EACH INTEGRATION STEP ONE MAY OUT ORDER TO PRINT
THE VALUES OF THE RELEVANT PARAMETERS OCCURRING IN THE
PARAMETERLIST>,

'ATA AND RESULTS: SEE REF (2],
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34010,
34011,
34013,
34024, |
34020,
31030,
342314,
34061,
31134,
31020,
L MEMORY3
TELD LENGT 3 'y
ONGLY ON T NTIAL ,TION . SOLVED.
60,
ORMANCE s
RE GMS DES IMPLE TION THIRD ORDER
GENERALIZE ULTIS ETHOD | QUASI=ZERO
DOTS AND Q IVE 8 ITY F ONe. IN PART]I=
LGORITHM [ D FOR INTEG IN OF STIFF
ORDINARY D L EQU 8§, TH ICEDURE SUPPLIES
NAL STARTI AND P MS A IZE CONTROL
SED ON THE RITY E DIF TIAL EQUATION,
TROL THE J TRIX CIDEN EVALUATED, IT
TO ELIMIN EPSIZ TROL , » ONE HAS
NUMBER OF ON 8T ER JA N EVALUATION,
EQUATIONS ZE €O Is A TICALLY ELIMINe
THE PROCE RMS © ALUAT F THE JACOBIAN,
N THIS CAS E=STE EME I UCED TO A ONE=
« THE PROC ONE 'ION E TION PER INTE=
P AND IT D JECT RATIO P8s EACH CHANGE
LENGTH OR LUATI THE IAN cOSTS ONE
ITION, IT E TO OME O ‘OR (PRESENT IN
EXPONENTI FITT 8 EQU NT 7O FITTING
E OF LINIG LOUGH NLY W 'HE JACOBIAN MA=
LUATED AT RARTI EP, W 'HE SYSTEM TO BE
18 NONeLIN E JAC MATR - NOT EVALUATED
EGRATION § RECO Ep TO AT INFINITY
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EXAMPLE OF USE} '
WE CONSIDER THE DIFFERENTIAL EQUATION

DYL/DX & =1000 » Yi % (Yl % Y2 =« |,999987),
DY2/D0X = =2500 » Y2 » (Y] + Y2 = 2),

ON THE INTERVAL (0,501, WITH INITIAL VALUE VYi1(0) = Ya(( Lo
THE REFERENCE SOLUTION AT X = 50 IS GIVEN BYs

Y1(50) = ,5976546988,

Y2(50) = {,4023434075,

"BEGIN"
"PROCEDURE"®" DER(Y); "ARRAY" Yy
"BEGIN" nREAL"™ Yi{, Y2y
Yit® Y[i]9 Y2i= Y([2]}
YIi)im =1000 » Yi » (Yl ¢ Y2 = |,999987)
Y{2)e® «2500 » Y2 % (Yl ¢ Y2 = 2)
"END" DER}

"PROCEDURE®" JAC(J, Y)s "ARRAY"™ J, Y3

"BEGIN® uwREAL"™ Y1, Y23 Yiss Y[1ly Y2u1m Y[2]
JIi,1)e8 1999,987 = 1000 = (2 # YI + Y2);
Ji1,2)8® =1000 * Yij
Ji2,1118 =2500 » Y23y
Jl2,2131m 2500 % (2 = Y| = 2 # Y2)

"END® JACS

"PROCEDURE" QUTPy
WIF" X = S0 WTHEN®
"BEGIN® nREAL"™ VYE{, YE29
YElim ,%59765469883 YE2:31m 1,40234340759
QUTPUT(6L, "("
ey g nym, 2023'
weuN s HyH, I7D2B,
"(UJEV = ")¥, 37D2B.
"("LU 8 wWyu, SZD, 2/,
weuyy s ")v, +,13D0"+2D28,
"(“REL, ERR, ® ")n, ,2D%+2D, /,
iy 8 ")P, +,13D"+2D2B,
N(NREL. ERR. 8 HJN' .20“*20“)",
Xy N, JEV, LU, Y[1], ABS((YI[i]) « YEL) / YEL),
Y{2l, ABS((Y([2) = YE2) / YE2))
YEND® QUTP
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WINTEGER®" N, JEV, LUz "REAL" Xy

WARRAYY Y[132]}

"PROCEDUREY® GMS(X, XE, R, Y, H, HMIN, HMAX, DELTA,
DERIVATIVE, JACOBIAN, AETA, RETA, N,
JEV, LU; NSJEV; LINEAR, OUT)’ WCODEY 341913

X3® 0y Y([ili= Y(2)1%® {3

GMS(X, 50, 2, Ys 401, ,001, ,5, ="i5,
DERp JAC' "“5, "‘5’ Ng JEV,
LU, 0, "FALSE", OUTP)

PROGRAM DELIVERS}
S0 N = 109 JEY = 3 LU = 12

+,5976547958004"+00 REL, ERR, 3 ,{6"«06
+,14023403310813v+01 REL, ERR, & ,69"=07

EXTs

1919

EDURE" GMS(X, XE, Rs Y, H, HMIN, MMaX, DELTA, DERIVATIVE,
JACOBIAN, AETA, RETA, N, JEV, LU, NSJEV,
LINEAR, OUT)s

E" R}

" X, XE, M, HMIN, HMAX, DELTA, AETA, RETA}

JGER“ Rg Mg JEV@ NBJEVD LU’

EAN® LINEAR?S

Y oY

EDURE" DERIVATIVE, JACOBIAN, OUTj

N? .

INTEGER" I, J, K, Ls NSJEVi, COUNT, COUNT1, KCHANGE}

REAL" A, A, ALFA, E, 81, 82, 21, X0, XLO, XLi,

L2, ETA, Ho, Hi, @, Qf, Q2, QL2, @22, 0102, DISCRs

BOOLEAN" UPDATE:, CHANGE. REEVAL, STRATEGY

INTEGERY "ARRAY"™ RI, CI[1:tR]}

ARRAYY AUX([139), BDY{, BD2[i183,183), Yi,

'0[138R), HJAC, H2JAC2, RQZ(ysR, 18R], YL, FLI1:3 = Rl

REAL" "PROCEDURE®" VECVEC(L, Us, SHIFT, A, B)s weODE™ 340103
REAL® "PROCEDURE" MATVEC(L, U, I, A, B)s "CODE" 340111
'REAL® "PROCEDURE® MATMAT(L, U, I, J, A, B); "CODE"™ 34013y
'PROCEDURE" ELMROW(L, U, I, J, A, B, X)y “CODE" 34024}
'PROCEDUREY ELMVEC(L U, SHIFT, A, B, X)jy "CODE" 34020,
'PROCEDUREY DUPVEC(L, U, SHIFT, A, B)y "CoDE" 310303
'PROCEDURE" G8SELM(A, N, AUX, RI, CI); #CODE" 34231
'PROCEDURE" SOLELM(A, N, RI, CI, B)y "CODE"™ 34061
'PROCEDUREY COLCST(L, U, J, Ay, X3y "CODE"™ 31131
'PROCEDURE® MULVEC(L, U, SHIFT, A, B, X)s “CODE"™ 31020y




'0CEDURE" INITIALIZATION?

‘GIN" LUs= JEVem Nogm NSJEViim KCHANGEgm 03 X01® Xy DISCRi= 0
Kislyp Hitw HOs® Hp COUNTIm =27 AUX[2)tm "=14) AUX[4]1a 8}
OUPVEC (1, R, 0, ig, Y)3 REEyALgs CHANGEgm V"TRUE",
STRATEGYsm HMIN ®s HMAX "ANDY SLINEAR; Q18 =1} Q213 =23
COUNTis= 03 XLOs®m XLigm XL2gm 0

D" INITIALIZATION)Y

OCEDURE" COEFFICIENT)
GIN" XL2p® XLij XLism XLOy XLOi®m X0y
"IF" CHANGE "THEN®
"BEGIN" "IF" N » 2 NTHEN®
"BEGIN" Qiss (XLl = XLO) / Hip
G23= (XL2 = XLO) / H{
"END" ’
Q1218 Q1 » Qi) Q22t=s Q2 % Q23 0102tz Q1 * Q23
Aym =(3 w ALFA ¢ 1) / 12y
BO1(1,31em § ¢ (1 / 3 = (Q1 & Q2) * ,5) / Q102
BD1(2,3)1m (1 / 3 = Q2 *» ,5) / (Q12 = Q1Q2)y
BD1(3,3)1% (1 / 3 » Q1 » ,5) / (022 = 01G2)}
BD2(1,3)18 =ALFA w ,5 ¢+ A » (1 = Q1 = G2) / Q1023
BD2(2,3]tm A » ({ = Q2) / (Q12 = Q1Q2)}
BD2(3,3118 A % (1 = Q1) / (Q22 = Q1G2)}
"JF" STRATEGY "QR" N <m 2 HTHEN®
"BEGIN" BDi(2,211® | / (2 * Q1)
BDi(1,218® | = BDi[2,2)9 .
BD2(2,218% «(3 w ALFA ¢ 1) / (12 % Q1)
BD2(1,2)1m «BD2(2,2) = ALFA w ,5
"END"
HEND"
)" COEFFICIENT;

JCEDURE"™ OPERATOR CONSTRUCTION;
SINW mwiFu REEVAL "THENW
"BEGIN" JACOBIANCHJAC, Y)j
JEVsm JEV ¢ 1y NSJEVii= 0y
"IFY DELTA <8 =n{5 WTHENW ALFAtm | / 3 VELSE"
-"BEGINY- Z{sm HY # DELTAy .
Aps Z1 % 71 ¢ 12y AL1m 6 % 71y
"IF" ABS(Z1) < ,{ "THEN®
ALFAss (21 % Z3 / 140 = 1) % Z1 / 30 "ELSE"
"IFY 21 € =33 uTHEN®
ALFAs®m (A ¢ A1) /7 (3 % Z§ % (2 + 21)) "ELSE™"
"BEGINY Egz EXP(21)y ALFA= ((A = Ay) #
E = A = Al) / (((2 = Z1) * E = 2 » Z1) *
21 = 3)
WENDH
“END"}
Sits =() ¢ ALFA) = ,5;5 S231s (ALFA » 3 & 1) 7 12
HEND®
Ays Hi{ s MOy Als= A = Aj
WIF" REEVAL "THEN" Agm Hiy
HIF" A S @ 1 N'THEN"
"FDR" J’g i "STEP" i "UNTIL" R "DO"
COLCSTCc1, R, J, HJAC, A)s




"FQR" Igm { WSTEP" { WUNTIL® R nDpOM
YBEGIN® "FOR" Jgm { YSTEPY" ¢ "UNTIL® R "DO"
"BEGIN" Qis H2JAC2(I,J)tm "IF" REEVAL "THEN"
MATMATC(1, R, I, J; HJAC, HJAC)
"ELSER H2JACR([I,J] % Al
RRZ[I,Jli= 82 » @

"END“’ .

RQZ(I,I)em RRZII,I1 ¢ 1}

ELMROW(1, R, I, I, RQZ, HJAC, $8}%)
"ENDWy ,
GSSELM(RQZ, R, AUX, RI, CI)y LUts LU ¢ {9y
REEVALt= UPDATEs= V"FALSE"

"ENDY OPERATOR CONSTRUCTIONj

"PROCEDURE" DIFFERENCE SCHEME)
"BEGIN" nifFn COUNT “s § PTHEN"
"BEGIN® DUPVEC(L{, R, 0, FLy YL)}
DERIVATIVE(FL)s Ngs N ¢ {3 NSJEVigm NSJEVY ¢ |
"ENDMy
MULVECCs, R, 0, YO, YL, (§ = ALFA) s 2 =« BDi[{,K])y
"FOR" Lg® 2 “§TEP" | M"UNTILY K “pO"
ELMVEC(1, Ry, R # (L = §), YO0, YL, =BDi(L,K1)}
"FORM | g= § NSTEP® { WUNTIL® K wpOW
ELMVECCs, Ry R * (L = $)» Y0, FL, Hy * BD2IL,K1)}
"FORY 138 { WSTEP"™ { “UNTIL®" R wDOW
Y{I)e= MATVEC(i, R, I, HJAC, YO0)
MULVEC(1, R, 0, YO, YL, (1 = 3 » ALFA) / 12 = BD2[}
"FORM Lgm 2 "STEPY" { MUNTIL" K "DO"
ELMVEC(i, R, R » (L = 1), Y0, YL, =BD2([L,K])?
WFOR® Igm | "STEPW { WUNTIL® R wDO"
Y{Ilsm Y[I] + MATVEC(1, R, I, HRJAC2, YO0)}
DUPVEC(1, Ry, 0, YO, YL}
"FOR" Lgm | HWSTEP" § WUNTIL® K npOv
ELMVEC(t, Ry, R % (L = 1), YO, FL, Hi » BD1(L,K]1)
ELMVEC(L, Ry, 0, Y, YO, 1)y SOLELM(RQZ, R, RI, CI, Y
"ENDY" DIFFERENCE SCHEME)

"PROCEDURE" NEXT INTEGRATION STEP)
"BEGIN" uwpOR" Ls= 2, | "DQn
"BEGIN® DUPVEC(L = R ¢ {, (L ¢ 1) = R, =R, YL, YL)9
DUPVEC(L * R + 1, (L ¢+ §) * Ry, =R, FL, FL)
NEND“’
DUPVEC(1s Ry, 05 Ybks Y)
WEND" NEXT INTEGRATION STEPj

"PROCEDURE" TEST ACCURACY}

"BEGINY Kg=s 23
DUPVEEG(Ls Ry, 0, Yi, Y); DIFFERENCE SCHEME; Kim 39
ETAg=s AETA ¢+ RETA # SQRT(VECVEC(1, Rs 0, Y1, Y1)
ELMVEEC(L1s Ry 00 Yy YLy =1)3
DISCRge SQRT(VECVEC(i, Ry, 0, Y, Y))
DUPVEC(i, R, 0, Y, Y1)

"END" TEST ACCURACY}




'OCEOUYRE" STEPSIZES
GIN" X0z Xy HOt® Hiy

"IF" N <z 2 "AND" FLINEAR "THEN" Kiz K + {3

"IF" COUNT = { "THEN"

"BEGIN® As= ETA / (,75 » (ETA + DISCR)) + .33
Higs "IF" A <= 9 nQR" A »= {,{ "THEN" A » HO
"ELSE" HOj COUNTI= 0) “

REEVALt®s A <8 ,9 "AND" NSJEVL %3 1)
COUNT{t= "IF" A >»= { "QR" REEVA_ "THEN" 0 "ELSE"
COUNTY ¢ {3 "IFY COUNTY = 10 "THEN"
"BEGIN" COUNTits 0y REEVALt= PTRUE";
Higas A » HO
"END"

NEND W nELSE"

"BEGIN" Hit= Hy REEVALgs NSJEV = NSJEV] "WAND"
STRATEGY "AND" *LINEAR

llENDII ’

WIF® STRATEGY "THEN® Hits WIF" H{ > HMAX

NTHEN® HMAX MELSE" WIFM H{ < HMIN WTHEN" HMIN WELSE® ¢

X33 X ¢ Hyg "IF" X »8 XE "THEN?

"BEGIN" Higm XE = X0y Xg= XE "END")

WIFW N <m 2 "AND" F*_INEAR "THEN" REEVALj= "TRUEY

WIF" Wy "= HO "THEN®

"BEGIN" UPDATEs= "TRUE"; KCHANGEi= 3 "END"j

"IF" REEVAL "THEN" UPDATEs$= "TRUE")

CHANGEs= KCHANGE » 0 "AND" “LINEAR)

KCHANGEs= KCHANGE = |

D" STEPSIZE:

TIALIZATIONy OUT) Xis X ¢ Hijp

RATOR CONSTRUCTION;j

(1,122 13 BD2(1,1)tm «ALFA » ,Sy

" “LINEAR "THEN" COEFFICIENT

TEP8 DIFFERENCE SCHEMEj

" STRATEGY MTHEN" COUNTgs COUNT ¢ {3
" COUNT = § "THEN" TEST ACCURACY;

3 "IF" X »m XE "THEN" "GOTO" ENDj
PSIZEy "IF® UPDATE "THEN" OPERATOR CONSTRUCTION}
" ®LINEAR "THEN" COEFFICIENT,

T INTEGRATION STEPj; "GOTO" NEXT STEP;

MS3
pu
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COMPUTATIONAL RESULTS

The procedure GMS was tested on a number of stiff nonlinear systems.
noted before, for linear equations our algorithm is reduced to the F(3)
mula of LINIGER & WILLOUGHBY [11]. Numerical results of this formula ap-
ed on linear equations are presented in BEENTJES & DEKKER [1]. For each

mple the following quantities are listed in the tables of results:

: the number of significant digits of the j-th component with respect

to a given reference solution, i.e.

sdj = ~Olog|1 -24|, |sdj| < 14,
7

where ;j denotes the reference solution; from this relation it fol-
lows that the absolute error is given by

Y - 1078437

ij-yjl = 10 vy
hence a negative value of sdj does not necessarily mean an inaccur-
ate result when y, is very small in magnitude; the procedure was
tested on the CYB%R 73-26 computer of SARA at Amsterdam; since this
computer does not represent more than 14 significant digits we have
sdj < 14; when the computer delivered sdj < -14, we have put sdj =

= -14; thus, generally, sdj = -~14 in the tables means instability;

r:  number of function evaluations necessary to integrate the given in-
tegration interval; note that fev also equals the number of integra-

tion steps;

7:  number of evaluations of the Jacobian matrix of the system necessary

to integrate the given integration interval;

! number of LU-decompositions necessary to integrate the given integra-

tion interval;

L: a measure of the required local accuracy; for each example the abso-
lute and relative accuracy parameters aeta and reta are put equal

to tol;




1: minimal stepsize by which the integration is allowed to be performed
¢: maximal stepsize by which the integration is allowed to be performed

all examples, the procedure is applied with stepsize control, while the
meter delta is put equal to -10]5. This means no exponential fitting
been performed. The quantities listed in the tables of results are ob-

1ed by integrating over the interval [initial point, reference point].

fPLE 8.1

m-linear systém from chemistry (GEAR [3]):

dy1

% = 1000y, (y,+y,=1.999987),
iy_z = -2500y,(y,+y,~2)

ax 2V Y1774

y,(0) = y,(0) =1, 0 < x < 50.

eigenvalues 61 and 62 of the Jacobian are

6] ~ -3500, 62 ~ 0, 62 < 0 at x =0 and
8, ™ -4100, &, ~ 0, §, < 0 at x = 50.
rence solution:
yl(B%o = .999853854436, 51(50) = .5976546988,
;2(3%9 = 1.00014243203, y,(50) = 1.40234334075.

vant parameters:

h = hmin = ,001, hmax = .5.
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L

TAB] .1, Results obtained at x = L

sdl sd2 |fev |jev |1lu

12,2 | 12.1 7 3 7

12,2 |12.0 | 7 3 7

12.3 |12.1 7 3 7

12,2 | 12.2 | 7 3 7

12,3 | 12.1 7 3 7

12.3 | 12.1 7 3 7

TAB: .2. Results obtained at x = 50

sdl | sd2 |fev |jev| lu

7.2 7.6 |113 -3 17
7.7 18.0 [113 | 3 17
7.2 (7.6 {113 | 3 17
7.4 7.8 |113 | 3 17

7.6 7.9 |140 | 3 | 21

8.7 (19.2 |297 | 8 | 28

ar sys scribing the motion of control clear
R & WI BY [111):

= 10y y3—(60—.125y3)y1,

) = Yo y3(0) =0, 0 < x < 400.




61,62 and 63 of the Jacobian are

-60, 62 8 -,17, 63 =0 at x = 0 and

-10, 62 ~ 0, 62 < 0, 63 =0 at x = «

lon:

)) = .02344886, ;1(400) = 27.110701,
)) = .01301528, ;2(400) = 22.242211,
) = 10, §3(400) = 400.

.ers.;

min = .01, hmax = 1,

TABLE 8.2.1. Results obtained at x

tol |sdl | sd2 |fev |jev | lu
103 3.1 2.1 20 | 3 |14
107% |31 2.1 20 | 3 |14
10'5‘ 3.4 02,424 | 3 |20
107% {4.5 (3.5 41 | 3 |20
107 |5.6 | 4.6 | 81 | 3 |19

TABLE 8.2.2. Results obtained at x

tol |[sdl | sd2 | fev |jev | 1lu
1072 2.3 [2.4 |410 | 3 |14
107 2.6 | 2.5 [411 | 4 |15
107> 3.6 3.5 |439 | 12 |29
1078 [4.9 |4.8 |612 | 34 |58
1077 6.3 | 6.1 |1384 | 98 |124




MPLE 8

A no ar system from reactor kinetics (LINIGER &

.01—[1+(y1+1000)(y1+l)][.01+y1+y2],

.01—[1+y§][.01+y]+y2],

)=y2(0)=0,05xs100.

eigen 6] and 62 of the Jacobian are

v =1012, 62 ~ -,01 at x = 0 and

¢ =21.7, 6§, ~ -.089 at x = 100.

2
erence ion:
0) = -.10975436, ;](100) = -,99164207,
0) = .09977673, ;2(100) = ,98333636.
.evant 'ters:

hmin = .01, hmax = 1.

TABLE 8.3.1. Results obtained at x = 1(

tol |sdl |sd2 |fev |jev |1lu
1073 |5.0 |5.0 |20 | 3 |14
107 |5.0 |5.0 |21 | 3 |14
107 5.0 5.0 |21 | 3 |14
10°% |5.0 |5.0 [22 | 3 |14
107 |5.0 |5.0 [23 | 4 |15
108 |5.0 5.0 |24 | 4 |16




TABLE 8.3.2. Results obtained at x = 10

tol | sdl | sd2 | fev |jev | lu
1073 2.5 | 2.6 [110 | 3 |14
1074 (2.5 | 2.6 111 | 3 |14
1072 3.1 3.1 |13 | 5 |17
107% | 4.8 4.8 [139 |16 |32
1077 | 8.5 |7.8 [219 |31 |42
1078 | 6.2 6.2 |474 |49 |61

fPLE 8.4

irge, non-linear system from chemistry (DATTA [2]):

dy]

ax - Ky

dy2

T - K YRR, KoK 4T Kay,ays - Ko, - Ky,
dy3

ax - KoYy ~ Kgyy = Kyy,yg = Koy o¥5 + K K,y K145
dy4

Tz - Kg¥oy3 ~ KKy, - Ky,

dy5

ax - Ki57212 T KioK14Ys T KigYss

dy6

ax - 53Y1073 T KoK 456 ~ KgYeo

dy7

& - Ki%10%12 T KyoKi4Y7  KigYye

dy8

= - Ro¥ip ~ Ky3K 4Yg ~ KjoYgo

dy9
ax - %494 * Kig¥s + Kgyg + Kigyys




: eiger

Zerence

levant

-

== Kgyg + K K3 + KooKy Y7 * Ky3Kyyg ~ K99y

= Ki910%12 T KeY10 T XoYi00

"= Kiovs

: - ReY10 * K19%145 * KooKy4¥7 ~ Kys¥2¥12 ~ %470
£ K = 10.0, K, = Ky = 0.1, K = 5.0,

= 30.0, K, = K, = Kg = K;g = 2.5,

Ky = Ky = K;y = Kjg = Kjy = Ky = Ky3 = 30.0,
= K, = 100.0;

with greatest magnitude at x = 0 equals & =1555

tion:

1 ~

s7) = -115825313, -3, y,(50) = .334500768, -1,
1 ~

) = -179687, =12, ¥ (50) = .407994, -5.

1 ~

) = -476247,-10, o (50) = .149109210, -1,

(= =.226920410-8, y12(50)=.914169996.

aters:

hmin = .0005, hmax = .5.




TABLE 8.4.1. Results obtained at x =L

64
tol | sd3 |sd5 | sd9 |sdl2 |fev |jev |1lu
103 5.4 | .3 [1.1 /2.3 |8 |3 |8
10074 5.4 | .3 |1.072.3 |8 |3 |8
10|54 [ .3 1.1 2.3 |8 |3 |8
10°% 5.4 [ .3 1.1 2.3 |8 |3 |8
107 5.4 .3 1.1 |23 |8 |3 |8
108 5.4 .3 (1.1 ]2.2 |8 |3 |8

TABLE 8.4.2. Results obtained at x = 50

tol | sd3 [sd5 |sd9 |sdl12 | fev |jev | 1u
1072 | 5.8 [5.0 [4.4 | 5.9 [115 | 3 |18
107% | 5.8 [5.2 [4.4 [ 5.9 [115 | 3 |18
107 | 5.8 |4.5 [4.7 | 6.3 |115 | 3 |19
1078 | 5.8 [4.5 [4.8 | 6.2 |124 | 3 | 26
107 | 6.1 (3.8 [6.2 | 7.7 |211 | 4 |36
1078 | 7.5 [5.3 [7.1 | 9.2 |584 | 6 |41

iff non-linear system representing a set o
tions (ROBERTSON [13]):

4
-.04y] + 10 Yo¥3s

4 2
.04y1 - 10 Yo¥3 = 3107y2,

2

310772

=1, y,(0) = y3(0) =0, 0 <x < 10.




uations are
v (x) +y

of this rel

to
dy]
— = .04
dy2
= - 310
y](O) =y

nvalues 6] a

61 s -,04

6] s -100

e solution:

y,(10)

y2(10)
. parameters:

h = hmin

ent; by use ues we
y3(x) =1,
we remove th and th

0, 0 <x<
of the Jacob

s0atx=0

~8 0 at x =

r9106310—4,

38424,

)5, hmax = .5

em is




TABLE 8.5.1. Results obtained at x = 10

tol |sdl |sd2 |fev |jev | lu
1072 |2.2 [3.0 |30 | 3 |24
107 |2.5 [3.1 | 54 | 3 |29
107 4.2 |4.1 [ 46 | 5 |30
107 4.6 [4.6 | 65 | 5 |41
107 5.5 [5.5 113 | 5 |48
1078 [6.2 | 6.1 [218 | 9 |56
1072 6.9 | 7.2 [457 | 9 |62

is a very stiff non-linear system. The eigenval
0, —104 over the range x = 0 to x = 10. In fact,
rs in the first few steps, e.g. IGII changes fro
0 to x = 0.02. Thus, this example represents one
We may illustrate this by presenting table 8.5.2
ed with the initial steplength h = .001 (hmin =

TABLE 8,5.,2,

tol |sdl | sd2 |fev |jev | lu
1073 [-14 | -14

1074 |14 | -14

107 [4.2] 4.0 |53 | 6 |35
107 4.6 4.6 | 64 | 6 |41
1077 |5.305.5 111 | 7 |45
1078 | 6.2] 6.1 [218 | 10 | 56
107° | 6.8| 7.0 | 456 | 11 |63

1ange
of
to
e

re-
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» instabilities occurring for tol = 10 , 10 ' are mor ess du
> second order starting formula which provides the fir ution
may explain this assertion as follows: at x = O the £ nd sec
rivatives of y, are equal to zero, whereas the third d ive of
t equal to zero. However, our starting formula is of s order
esents only the first- and second derivatives of y for 11 eno
nsequently, for each initial steplength h our starting la pro
= 0. The reference solution at x = .00l is
v, = -239983, 4,
;2 = .160009, 4.
r the lower tolerances and initial steplength h = .00l alue y
x = .001 appears to be fatal. When we start the integ . proce
= ,001 with the initial vector given above and initial ength
instabilities will arise. Results of this integration iven i
5.3. At x = .001 the eigenvalues 61 and 62 are 61 N -, | s~ 0.

TABLE 8.5.3.

tol | sdl | sd2 | fev (jev | lu
10| 3.9(3.8(33 |3 |17
104 4.0/3.9] 3 |3 |18
10°|5.2(5.0]38 |3 |24
10| 5.0(4.6 |59 |4 |38
107 | 5.1 (5.4 |109 | 5 |46
108 6.4 6.3 214 | 9 |55
1072 ] 6.9|7.2 454 | 9 |61
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